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QUESTIONS

1. (a) Let Ac [0, 1] be a non-measurable set. Let B ={ (x,0) € R?, x€ A}.
(i) Is B a Lebesgue measurable subset of R?? 1mark
(ii) If the closure of E has Lebesgue measure zero, then E has Lebesgue

measurezero. 2marks

(b). If f: [0,1]— R is continuous a.e, then f is measurable.
(1) Is the above statement true or false? 1mark
(ii) Justify your answer in (i) above . 2marks

(c). (i) Does there exist a non-measurable function such that ﬁ is measurable?  1mark
(ii) Justify your answer. 2marks

(d). There is a subset A of R which is not measurable, but such that B={x€A: x is irrational}
is measurable.
(i) Is the above statement true or false? 1mark
(i) Justify your answer. 2marks

(e). (i) Does there exist a non-measurable subset of R whose complement in R has outer

measure zero? 1mark
(ii) Support your answer. 2marks

(M. Let fy be a sequence of continuous functions Lebesgueintegrable on [0, c0) which
converges uniformly to a function fLebesgueintegrable on [0, oo).
(i) Is it true that lim [°|f(x) — f,(x)|dx =0 1mark
n—>oo

(i) Justify your answer 2%2marks

(9) .Let { Jk }be [k—Sa sequence of non-negative measurable function on R such thatfk—fa.e
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In R. Then k existsand [Rfdm < lim
K—>oo K—oo
(1) Is the above statement true or false? 1mark
(ii) Justify your answer. 2%2marks

2(a) Prove that if two subsets A and B of the real line are measurable, then so is Aﬂ
(6marks)

(b)  Suppose f = g almost everywhere. Show that
J- fdu = Jgdy (6marks)
V4 x

(TOTAL = 12marks)
3(a) Explain vividly what is meant by the Lebesgue Outer Measure p*(E) of a subset E of
the real line R 6marks

(b)  Prove that for any two subsets A and B of R, if A =B, then u*(A) < u* (B)
(6marks)

4(a) Explain carefully what is meant by the LebesqueOuter Measure p*(E) of a subset E of
the real line R 4marks

(b) Prove that for any two subsets A and B of R, if A =B, then u*(A) < u* (B)
4marks
(c) Let Ei, E2, E3..., Enbe disjoint measurable subset of E with p(E)<oo, then

m
Every linear combination S = ZCKZEK with real coefficient a1, a2, a3,. . . amis
=1

m

measurable simple function and Ig(s) = Z ak,u(Ek). 4marks
k=1

1 1
5(a) Find the length of the set U{X ——<x< —} 4marks
e k+1 k

(b) Prove that if E is any countable set of real numbers, the ©*(E)=0 4marks

(c) Prove that for every countable family {E n}: . of subsets of R, we have p* (U E”j <
- n=1

nZ::,U*(E n)() 4marks

6(a) Show that a subset E of R” is Lebesque measurable if and only if every subset X of R’'we have

ﬂ*(X) = Iu*(XmE) + lu*(X\E)Gmarks

(b) Prove that if a subset E of R’ is measurable, then so is its complement 6marks
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