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INSTRUCTION: ANSWER QUESTION ONE(1) AND ANY FOUR (4)
QUESTIONS (TOTAL =5 QUESTIONS IN ALL)

1(a) Let p be a prime number, and d : Zx Z = [0;+0) be a function defined by
dp(X; y) = p-max{msN: pm/x —vy}. (4marks)

1(b)  Let (X, T) be atopological and (Y, d) a metric space. If f, g : X— Y are continuous,
show that the set{x; € X; f(x) = g(x)}is closed. (4¥%marks)

1(c) Let (X; d) be a metric space and F € X be a finite subset. Prove that F is closed in X.

(2%2marks)
1(d) Let R be endowed with standard topology. Show that for all x € R, w={(x-F¢,
X + €), € > 0} is a neighbourhood basis of x. (4%2marks)
1(e) Let t;and T, be two topologies on the same space X.
(i) Show that ;€ t.if and only if given x€t; there exists v € T, such thatx e V CU
(2%2marks)
(i) Show also that t1 = 1, if and only if given x € U€t there exists v €Et,and x€V €U and

given x € U €1,, we can find U € T, such that xeéV =U.  (4marks)
(TOTAL=22marks)

2(a) Consider the interval [ 0, 1] with the Euclidean metricand A=[0, 1] N Q with the inherited
metric. Exhibit,and prove, a continuous map f: A =R (where R has the standard metric) such
that the set { x:€ X ; f(x) = g(x)} is closed (émarks)
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it there exist VE X open (closed) in X suchthat U=V Nn'Y .(émarks

3(a) Consider ( R, T) with the standard ( Euclidean) topology, then show that a set E is compact if and

only if it is closed, and bounded ( that is, there exists an M such that

X|< M forall x & E) (6marks)

3(b) Let (X; d) be a metric spaceand;®d #Y € X. Prove that the function X > R defined by x > d(x; Y)
is a continuous function. (émarks)

4(a) If (X,T) and (Y, o) are Hausdorff topological spaces, then show that X x Y with the product
topology is also Hausdorff. (4marks)

4(b)  Show that the product of two Hausdorff spaces is Hausdorff (4marks)

4(c) Prove that a discrete metric space is compact if and only if its underlying set is finite
(4marks)
5(a) Let { Xo}ae) be an indexed family topological spaces. Assume that the topology on each

Xq is given by a basis B, Show that the family { [] ¢eiBa : B« € B« and By = X for all but finitely
many ael} is a basis for the product topology [ aes X« (7marks)

5(b) Let Xbeasetand T={U SX:U=Q; or X\U is countable}. Prove that T is a topology on X
(5marks)

6(a) Let X be a set and B be a basis for a topology on X. Prove that the topology generated by B is
indeed a topology.(3marks)

6(b) Let X be the set of all sequences x: N— R converging to zero. Show that:(3marks)

(i) The function d : X xX— [ 0, +oo] defined by d(xn, yn) = SUP (xn, yn)is @ metric on X

neN
(3marks)
(ii) The metric space ( X, d) is separable. (3marks)
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