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1. (&) The gamma function is defined by the improper integral as I'(x) = fow t*"le~tdt,
(i) if x = 3, prove that T' () = V(9 marks)
(ii)Evaluater (%)(3 marks)
(b) The beta function B(m,n)is defined byB(m,n) = fol x™ (1 — x)" 1dx,
(i) if x = sin® @, prove that B(m,n) = 2 IOE sin®™ 19 cos?™ 19 de (6 marks)

(ii) evaluate2 [2 sin” 6 cos® 6 d6(4 marks)

2. (a) Use the generating function f(t,x) = \/ﬁ
relation(2n + 1)xP,(x) = (n + 1)P, 41 (x) + nP,_;1 (x)(6 marks)
(b) Use the recurrence (2n + 1)xP,(x) = (n + 1)Pp,4(x) + nP,,_;(x) to obtain the first four
Legendre polynomials (6 marks)

= Yoo B, (x) t™ to obtain the recurrence

3. (a) Solve the Hermite differential equation% — Zx% + 2y = 0(8 marks)
(Hint: use Frobenius method)
(b) Evaluate the followings (i) %(2 marks)
(i) B(6,5)(2 marks)
qn
2"n! dx"

4. (a) Use the Rodrigue’s formula P, (X) = (X2 —1)2 to drive Legendre polynomial P, (X)

(5 marks)
(b)Using the Rodrigue’ formula, show that (i) f (X) = x* (i) f(x) =1+ X+ x> can be written as a
series of Legendre polynomials (7 marks)
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5. (a)Bythe recurrence relationT,, 1 (x) = 2xT,, (x) — T,,—1 (x), derive Tg(x)(7 marks)

(b) Express the polynomial 16x* + 12x3 + 6x? + 4x — 1 in terms of T,,(x)(5 marks)
6. (a) Find Z—ifor the following functions
(i) 3z* + x7 = 5x(2 marks)
(ii) x322 — 5xy3z = x? + y?(3 marks)

(b) If u(x,y) =e*cosyandu(x,y) =e *siny, find the derivative of

. ou ou
i — and — (2 marks
() x o ( )
, ov ov
ii — and — (2 marks
(ii) x ay( )

Hence, evaluate the Jacobian of u(x,y) and v(X, y) (3 marks)
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