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Instruction: Answer Question One (1) and Any Other Four (4) Questions

1. (a) Explain discrete and indiscrete topologies. (6 marks)
(b) Let X be a set. Let a topology on X be a collection T of subsets of X. Show that finite
intersections N}-, Uy of elements of T are in 7. (8 marks)
(c) Let X be a set, and let B be a basis for a topology T on X. Then show that 7 equals the
collection of all unions of elements of B. (8 marks)

2. (a) Let d be a metric on the set X. Show that the collection of all r - balls Bq (X, r), for
x €X and r > 0 is a basis for a topology on X, called the metric topology induced by d.

(5
marks)
(b) Prove that x € A if and only if every neighbourhood of x intersects A. i.e., x € 4 if and
only if for all V € N(x), V n A # @, where A is a subset of a topological space X.

7
marks) (

3. (a) Let B and B be basis for the topologies = and 7° respectively on X. Show that the
following are equivalent:

i. 7%is finer than 7.
ii. For each x € X and each element B € B containing X, there exists a basis element

B° € B such that x € B c B. (6
marks)
(b) State whether each of the following functions is a homeomorphism or not:
(i) f: R »R given by f(x) = 4x + 1. (2 marks)
(ii) F: (-1, 1) =R given by F (x)= 1_X | (2 marks)

(iii) The identity map g: R; — R is bijective and continuous. (2 marks)
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4. (a) What is the relationship between T; — space, T; — space and regularity defined on a
topological space X? (3 marks)
(b) Show that every Hausdorff space is T; and the converse is not true. (4 marks)
(c) Show that Q, the set of rational numbers is a dense subset of R because Q = R.

(5 marks)
5. (a) State whether each of the following is countable or not countable:
mn z (1 mark)
(i) The image of a countable set under any map. (1 mark)
(iii) R. (1 mark)
(iv) The set N = {(k, n) : k, n € N}. (1 mark)
(v) The union of a countable family of countable sets. (1 mark)
(vi) Q. (1 mark)
(b) ) Show that f is a homeomorphism if X is compact, Y is Hausdorffand f: X = Y isa
continuous bijective function. (6 marks)
6. (a) Define the following terms:
(i) Covering and Open Cover (2 marks)
(ii) Compact Set (2 marks)
(iii) Subcover (2 marks)
(b) Show that h is continuous if h: R — R is defined by
{z Zifx =0
h(x) = 2 (6 marks).
= xifx <0
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